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I show how Bose-Einstein condensation (BEC) in a non interacting bosonic system with exponen-
tial density of states function yields to a new class of Lerch zeta functions. By looking on the critical
temperature, I suggest that a possible strategy to prove the ”Riemann hypothesis” problem. In a
theorem and a lemma I suggested that the classical limit ~ → 0 of BEC can be used as a tool to find
zeros of real part of the Riemann zeta function with complex argument. It reduces the Riemann
hypothesis to a softer form. Furthermore I propose a pair of creation-annihilation operators for BEC
phenomena. This set of creation-annihilation operators is defined on a complex Hilbert space. They
build a set up to interpret this type of BEC as a creation-annihilation phenomenon for a virtual
hypothetical particle.
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I. INTRODUCTION
In statistical physics there are many examples of
critical phenomena where the system undergoes phase
transtions below speciefic values of temperature/density
or other physical quantities. A remarkable example is the
BEC which was finally demonstrated experimentally in
dilute alkali gases by a group of reseachers and brought
2001 Nobel Prize in physics [1]. From a physical point of
view the system in the BEC phase exists at the very low
temperature regime T . In bosonic systems , all bosons
condense to the ground state with the lowest energy.
In this phase the particles become strongly correlated
with a distributions both in coordinate and momentum
variables. The correlation between particles happend
when their thermal wave-lengths λ become larger than
λc which is a function of the mass of an individual con-
densate particle , the number density n = 1v =
N
V (N is
the number and V is volume) and kB as Boltzmann’s
constant [2]-[7]. Later it was discovered that BEC can
emerge in molecular form in a Fermi gas [8]. From the
mathematical point of view , the BEC waves are solitons
waves with shape invariant forms [9]. The applications
of BEC is not limited to statistical physics; in relativis-
tic cosmology one can build a dark matter model using
BEC [10] as well as dark energy [11]. Furthermore one
can solve the Einstein field equations in general relativity
with cylindrical sysmmetry with BEC matter as energy-
momentum source and find cosmic string solutions [12].
In relativistic astrophysics, the general relativistic stars
can be formed with BEC matter sources [13]. A remark-
able discovery was by Horwitz et al., in ref. [14], where
they discovered a new relativistic high temperature BEC
regime. According to Horwitz et al.,the mass spectrum
of such a system was bounded.
In this letter I investigate a generalized energy den-
sity function for a dilute non interacting bosonic gas in
the grand canonical ensemble theory of standard statis-
tical mechanics. I show that density and pressure can
be calculated in closed form in terms of a generalized
function , named Lerch function (sometimes called as
Hurwitz-Lerch-Phi function). This class of generalized
functions considered as a well posed version of Riemann’s
zeta function and has recently been reintroduced to the
community in a series of works by Lagaria & Li. in
refs.[15]-[19]. As far as I know [20], this rich family of
special functions has not been used in physical problems
especially when we see they are potentially related to
the Riemann hypothesis and can be used to find a so-
lution to this old problem which has been listed as a
”millennium-problem”[21]. As an interesting mathemat-
ical physics problem in this letter I explore the role of this
Lerch functions in a realistic statistical problem relating
to BEC.
II. BEC FOR AN EXPONENTIAL DENSITY OF
STATES FUNCTION
The grand partition function for the bosonic gas sys-
tem given by
q = lnD =
PV
kBT
= −
∑
ǫ
ln
(
1− ze−βǫ) (2.1)
2here z = eβµ is the fugacity of the gas and is related to
the chemical potential µ ,β = 1kBT and ze
−βǫ < 1, ∀ǫ.
Furthermore, for enough large volume V , the spectrum
of the single-potential state is almost continuous on R, it
is that the single-potential state of a boson in a cube is
proportioal to En ∝ n2V −2/3; here n denotes a collective
set of quantum numbers (nx, ny, nz) and V denotes the
volume. We observe that:
lim
V→∞
∆En = lim
V→∞
(En+1 − En) (2.2)
∝ lim
V→∞
2n+ 1
V 2/3
= 0
As a result, we can use the integral instead of summation
,
∑
ǫ
⇒
∫
dǫ (2.3)
Here we consider a bosonic system in which the density
of state function a(ǫ) in the vicinity of a given energy ǫ
given by
a(ǫ)dǫ =
2πV
h3
(2m)3/2ǫ1/2e−cǫdǫ. (2.4)
Note that by substituing this density function (2.4) into
(2.1) we eventually give a weight to the ground state
ǫ = 0 incorrectly, because in the quantum mechanical
approach , each non- degenerate single particle state in
the system has a unity weight. We calculate the ǫ = 0
term to obtain:
P
kT
= − ln(1− z)
V
− 2π(2m)
3/2
h3
∫ ∞
0+
ǫ1/2e−cǫ
(
1− ze−βǫ)dǫ (2.5)
N
V
=
1
V
z
1− z +
2π(2m)3/2
h3
∫ ∞
0+
ǫ1/2e−cǫ
z−1eβǫ − 1dǫ. (2.6)
for z ≪ 1 , each of the last terms are of order O( 1N ).
However if z increases , at z → 1 , 1V z1−z = N0V and
N0 ≫ N is called Bose-Einstein condensation. To eva-
lute Eqs. (2.5.2.6) . We define c˜ = cβ and the thermal
wavelength λ = h√
2πmkT
. Furthmore our aim will be to
rewrite all expressions in terms of the following gener-
alized Bose-Einstein functions , which will be related to
Lerch functions:
Φ(ν, z, c˜) = Lν(z) =
1
Γ(ν)
∫ ∞
0+
xν−1e−c˜x
z−1ex − 1dx (2.7)
If we calculate the integral, we obtain:
Φ(ν, z, c˜) =
∞∑
n=1
zn
(c˜+ n)ν
(2.8)
here Φ(ν, z, c˜) = zΦ(ν, z, c˜+1) is the Lerch transcendent
function or Lerch zeta function [15]-[19]. Note that if c˜ =
z = 1,the Lerch function (2.8) reduces to the Riemann
zeta function :
Φ(s, 1, 1) = ζ(s) ≡
∞∑
n=0
1
(n+ 1)s
. (2.9)
Now we can calculate (2.5,5.10) using (2.8) we obtain:
N −N0
V
=
1
λ3
Φ(
3
2
, z, c˜) (2.10)
P
V
=
1
λ3
∫
dzΦ(
3
2
, z, c˜+ 1). (2.11)
We can find an equsation of state using (2.10,2.11) , for
z ≪ 1 we can find an explicit equsation of state as follows:
P ≈ κc (N −N0)− ηcV T 3/2. (2.12)
where κc =
√
2 (c˜+1)
3/2
√
2c˜3/2
, ηc = 4 (mπkB)
3/2 (c˜+1)
3/2
√
2c˜3h3
.
Furthermore we obtain:
z
∂
∂z
[PV
kT
λ3
]
= λ3
(N −N0
V
)
(2.13)
We can now find the Tc for our system. Let us rewrite
equation (2.10) in the following equivalent form:
λ3
N0
V
=
λ3
v
− Φ(3
2
, z, c˜). (2.14)
3Figure 1: A plot of the Φ(32 , z, c˜) of the Lerch
transcendent function given in equation (2.8) for
z ∈ [0, 1], c˜ ∈ R+. It shows that Φ(32 , z, c˜) is a bound,
positive, monotonically increasing single valued function
of z.
where v = VN the specific volume . The figure (1) below
shows that for z ∈ [0, 1], c˜ ∈ R+ , Φ(32 , z, c˜) is a bounded,
positive, monotonically increasing single valued function
of z.
For small z, we have the power series (2.9). At z = 1
and for c˜ ∈ R+, its value is finite and is called Hurwitz-
Zeta function :
Φ(
3
2
, 1, c˜) =
∞∑
n=0
1
(n+ c˜)
3
2
≤ ζ(3
2
) ≈ 2.612 (2.15)
Thus for all z, c˜ ∈ R, we conclude that N0V > 0 when the
temperature and the specific volume satify the following
inequality:
λ3
v
> Φ(
3
2
, 1, c˜) (2.16)
This implies BEC phenomena, the occupiation of ground
state with many particle. For a specific volume v, we
define ”implicitly” a critical temperature Tc :
kTc =
2π~2
mΦ(32 , 1, kTcc)
2/3
(2.17)
For ckTc ≪ 1 we can solve (2.17) and find
ckTc ≈ 0.65 + 0.25m−1/2
√
6.8m− 50.6c~2(2.18)
for a lower bound on the Boson mass asm ≥ 7.4c~2. Such
lower bound on the mass of the Boson (Higgs) proposed
in [22].
Simple algebraic manipulations can be done to show
that the quantity N0V is a simple two-part function of
T
Tc
:
N0
V
=
{
0 if λ
3
v < Φ(
3
2 , 1, c˜)
1− ( TTc )∆ if λ
3
v > Φ(
3
2 , 1, c˜)
(2.19)
where, to find the critical exponent ∆ , we used numerical
estimation in equation (2.17).
III. MORE ON DENSITY OF STATES
FUNCTION
There is a nice relationship between the exponential
density of state function given in (2.4) and momentum of
the particles ~p , is given as the relation between volumes
in configuration space V~q and phase space V~q,~p as follows,
a(ǫ) = g
dV~p
dǫ
V~q
V~q,~p
(3.1)
where g denotes the number of degrees of freedom for the
bosonic system g = 3. By integrating this expression we
find an atypical dispersion relation as following:
ǫ(p) = −c−1
(
1 + PLog
[
αp3 + γ
])
(3.2)
where p ≡ |~p| > 0. By PLog
[
z
]
we mean the prin-
cipal solution for w ∈ C in equation z = wew and
α =
√
2c2
3em3/2
, γ = αc
2
~
3
2
√
2em3/2V π
. At low momenta p ≪
p˜(= α−1/3)≪ 1 we have
ǫ(~p) ≈ ǫ0 + γp3 +O(p4) (3.3)
For ultra-energetic particles p→∞ we have:
ǫ(p) ≈ −c−1
[
(ln p)3 + ...
]
(3.4)
A remarkable observation is that for some values of α, γ
we can obtain ǫ(p∗) = 0, p∗ 6= 0. If we solve equation
(3.2) we find:
p∗ = 3
√
eγ + 1
−α . α < 0, γ > 0. (3.5)
This defines a minimum momentum (effective mass)
similar to that given in [14], where the authors discov-
ered a new relativistic high temperature BEC sytem with
an additional mass portential for the ensemble. In our
system we can demonstrate that there is no physical state
with p < p∗ and the system has non zero energy even at
zero momentum when p = 0 the energy of the particle
will be a monotonically increasing function of p for all
p > p∗. A Theorem can be stated as follows:
Theorem III.1. Let ǫ(p) be energy spectrum in our
atypical system , then ǫ(p) is a complex valued function
for p < p∗.
4And a consequence of theorem III.1 is the following
corollary:
Corollary III.1.1. There is no physical state with p <
p∗.
To prove this theorem III.1 let us prove the following
lemma:
Lemma III.2. Given a physical satate with p = p∗ −
δ, 0 < δ ≪ p∗, there is a complex number W ∈ C such
that ǫ(p) =W .
Proof. to prove, we need to rewrite the energy spectrum
given in equation (3.2) for p = p∗(1−η), |η| ≪ 1 becomes
a complex function. Let us first rewrite energy spectrum
near p∗ in the following form:
ǫ(p) = −c−1
(
1 + PLog
[
− e−1 + α(p3 − (p∗)3)
])
(3.6)
We expand the expression (3.7) as power series in η,
ǫ(p) = (−1)⌊B⌋
(
−
√
−6eq3α
c
η1/2 +O
(
η3/2
))
(3.7)
where ⌊x⌋ is the greatest integer that is less than or equal
to x and B = 12 −
arg(η)+arg(−3α(p∗)3)
2π . Note that α < 0
and |η| ≪ 1, consequently ⌊η⌋ = 0. Thus we can rewrite
the above series as follows:
ǫ(p) = (−1)⌊B˜⌋
(
−
√
−6e(p∗)3α
c
η1/2 +O
(
η3/2
))
(3.8)
where B˜ = 12 − arg(3(1+γ))2π . Obviously
(−1)⌊ 12− arg(3(1+γ))2pi ⌋ = 1, ∀γ ∈ R as a result of η → 0−,
lim ǫ(p)η→0− = ib + O
(
η3/2
) ∈ C. This proves our
lemma.
IV. ON ”RIEMANN HYPOTHESIS” PROBLEM
AND CLASSICAL BEC
In this section I will show that how one can find a
Hurwitz-Zeta function with complex argument Φ(a +
ib, 1, c˜) using the following density of states function:
a(ǫ) = Aǫa−1e−cǫ
{
cos(b ln ǫ)
sin(b ln ǫ)
for a, b, c ∈ R. Then by taking the limit c → 0, we are
led to Zeta function ζ(a + ib). The Riemann hypothe-
sis (stated below) will translate to a problem of finding
specific values for Tc ≫ 1. Let us use density (IV) to eval-
uate the grand partition function (2.1). It is adequate to
rewrite (IV) as follows:
a(ǫ) = Aℜ{ǫa−1+ibe−cǫ}, A, a, b ∈ R (4.1)
We can find an A such that limc→0,a→ 32 ,b→0
[
a(ǫ)
]
=
2πV
h3 (2m)
3/2, by plugging it into the integral (2.7) we ob-
tain:
N −N0
V
=
A0
λ3
ℜ{Φ(a+ ib, z, c˜)} (4.2)
P
V
=
A0
λ3
∫
dz
z
ℜ{Φ(a+ ib, z, c˜)}. (4.3)
where A = A0
[
2πV
h3 (2m)
3/2
]
and A0 is a constant. The
BEC scenario can be modified to finding Tc → 0 using the
following modified equation as a limiting case for c→ 0:
kTc =
2π~2
mA0(ℜ{Φ(a+ ib, 1)})2/3
(4.4)
We can rewrite the above equation in the following equiv-
alent form:
ℜ{ζ(a+ ib)} =
( 2π~2
mA0kTc
)3/2
(4.5)
In Fig.(2) we plot ℜ{ζ(a + ib)} in the half-plane a ≥ 1.
The region where ℜ{ζ(a + ib)} < 0 investigated in ref.
[23], where the authors proposed algorithms to compute
accurately the supremum of a ≈ 1.19 such that ℜ{ζ(a+
ib)} ≤ 0 for b ∈ R. This supremum value of a leads to
the density function
sup
a∈1.19
inf
b∈R
a(ǫ) = Aℜ{ǫ0.19+ibe−cǫ}, A, a, b ∈ R(4.6)
5Figure 2: A plot of the real part ℜ{ζ(ν)} of the
Riemann zeta-function given in equation (4.5) in the
half-plane ℜν ≥ 1. It shows that the zeros of ℜ{ζ(ν)}
are located only at (ℜν = 0, 0 < ℑν < 1) or
(ℑν = 0, 0 < ℜν < 1).
We recall the Riemann hypothesis problem (stated be-
low):
Theorem IV.1. Riemann hypothesis: The zeros of
ζ(a + ib) = 0 exist only at (ν = −n, n ∈ R) ∨ (ℜν =
1
2 , ν ∈ C).
Lemma IV.2. In BEC scenario with the critical tem-
perature Tc given in the equation (4.5),we have to check
whether there exists a phase transition in the classical
limit ~→ 0(or high critical temperatures Tc) of bosnonic
matter with density of states function (4.6) with a = 12
or not.
The above lemma implicitly encourages us to find a
classical limit of BEC. Such a classical limit was well in-
vestigated before in the literature [24]-[25]. To find the
classical analog of BEC, we need to have a relativistic
classical Gibbs ensemble theory . The Gibbs ensembles
in relativistic classical and quantum mechanics was in-
vestigated in [26]. The existence of a classical BEC state
depends on how to realize classical condensate state as a
macroscopic matter wave. The fingerprints of quantum
matter waves was observed in [27] where the authors ob-
served the transition temperature Tc which is lower than
the thermodynamic limit. In ref. [24], the author sug-
gested it is possible to have BEC as a coherent dynamics
of the system. There is a chance of detecting axions as
classical fields for BEC at the large scales proposed in
[25] where the author suggested that the axions as a mo-
tivated dark matter candidate can be consider the BEC.
The classical limit of BEC can be underestood when we
consider condensate field as a classical field , in analogy
to the classical limit of quantum optics. If we have many
quanta in each mode , then the fields are treated as the
classical fields. As next step we can use the classical
fields approximation. We will need two point correlation
function . These correlation functions can depend on the
resolution of detectors in an appropriate experimental
set up (coarse graining) and we can use the Onsager-
Penrose definition of the condensate[28]. I conclude that
further studies about classical limits for BEC can be use-
ful to find a general formula for zeros of zeta function on
complex plane. My idea here should be considered as a
physical proposal to mkae a connection between a pure
mathrematical hypothesis and the realistic case of physi-
cal situation in nature. Before doing this calcuolaion, we
were not aware of the connection between zeta function
with complex argument and the statistical behgavior of a
gaseous system. The difficulty was to set the complex ar-
gument in the zeta function according to the parameters
of statistical system. I show how the real part of the zeta
function can be related to the critical temperature and it
establishes a nice connection between pure mathematics
and applied physics.
V. CREATION-ANNIHILATION OPERATORS
FOR BEC
In this section, I study further field theoretic aspects
of such an atypical such atypical condensation phe-
nomenon in terms of the creation(raising) and annihi-
lation(lowering) operators proposed for Hurwitz-Lerch-
Phi function by Lagaria and Li. in refs.[15]-[19]. My
focus is to explore the hidden physics of these oper-
ators in the mechanism of BEC in our system. In
my study I found that the Lerch-zeta function Φ(a +
ib, z, c˜) plays an essential role. The pair of differential-
difference operators ∂∂c˜ , z
∂
∂z can be used to define a pair
of creation(raising)D±L and annihilation(lowering) oper-
ators as follows:
D+L =
∂
∂c˜
(5.1)
D−L =
∂
∂ ln z
+ c˜. (5.2)
where [D+L , D
−
L ]− = 1. Note that these operators
are non-self-adjoint linear operators acting in a Hilbert
spaces. The reason is that the following integral identity
no longer is valid:
∫
∂✷
ψ†(z, c˜)D±Lφ(z, c˜)dzdc˜ =
∫
∂✷
(D±Lψ(z, c˜))
†φ(z, c˜)dzdc˜. (5.3)
6where ∂✷ = [0, 1]× [0, 1]. The corresponding eigenvalues
of these operators are not real numbers and their corre-
sponding wave functions can’t built an orthonormal basis
for the Hilbert space which should be build for any self
sdjoint operator. The Lerch differential number operator
is defined as follows:
DL ≡ D−LD+L =
1
c˜
∂2
∂ ln z∂ ln c˜
+
∂
∂ ln c˜
. (5.4)
here [DL, D
+
L ]− = −D+L , [DL, D−L ]− = D−L . The Hamil-
tonian like operator can be written as H = 1+DL. It is
illustrative to show that
D+LΦ(ν, z, c˜) = −νΦ(ν + 1, z, c˜) (5.5)
D−LΦ(ν, z, c˜) = Φ(ν − 1, z, c˜). (5.6)
combining equations (5.5,5.6) we conclude that
DLΦ(ν, z, c˜) = −νΦ(ν, z, c˜). (5.7)
We interpret the physical operator equations as creation
and annihilation equations to make create and annihi-
late a hypothetical virtual Boson which we call ”Ler-
chton”. This pair production phenomena happens in a
phase space spanned by two coordinates (ln z, c˜). The
creation operator D+L creates a Lerchton at fixed chemi-
cal potential andD−L annihilates it but after transforming
it to the new location, i.e. c˜+ 1 in the phase space. We
mention here that ln z ∼ µ defines an energy scale and
c˜ ∼ β ∼ E−1 corresponds to a length scale. The first
variable needs an ultraviolet cutoff and the length scale
required an infrared cutoff. Using equation (5.7) we are
able to interpret −ν as the expectation value of the num-
ber operatorDL(similar to the number operator in a sim-
ple harmonic oscillator in ordinary qunatum mechanics)
at a given bipartite state defined by |ν, c˜ >. The Lerch
function Φ(ν, z, c˜) ≡< z|ν, c˜ >, is the configurational pro-
jection of the original ket vector. An alternative form to
the equation (5.7) is:
DL|ν, c˜ >= −ν|ν, c˜ > . (5.8)
Define |ν, c˜ > as the normalized eigenstates of DL , and
let it be understood that the physical states are labeled
by the eigenvalue, i.e. −ν ∈ C is complex in general.
Note that at negative integer roots of zeta function ζ(ν =
−n) = 0, the eigenvalue of the operator DL is positive
and it correponds to a real number of particles. If we
consider the quantity
n ≡< ν, c˜|DL|ν, c˜ > (5.9)
It follows that
n =
(ζ(ν) − 1)
1− ν−1 (5.10)
is real and positive -definite for ν ∈ R+. We plot the
number of particles (5.10) in figure (3) .
-1.0 -0.5 0.5 1.0 1.5 2.0
ν
10
20
30
n
Figure 3: A plot of the number of perticles given in
equation (5.10) in the plane −1 < ℜν ≤ 2 . It shows
that the number of particles is real and positive
-definite for ν ∈ R+. It infinite when ν → 1. When
ν → 0 the number of particles vanishes and it implies
BEC in the state there isn’t any particle at this level.
From figure (3) we learn that the number of the par-
ticles become infinity when ν → 1. It implies an existed
BEC condensation at state |1, c˜ > as the ground state
of the system. Fuurther works can be done to build the
Fock space corresponds to the multiparticle states.
For its intrinsic interest we now study coherent states
correspondingh to the annihilation operator D−L , as the
solution to the following differential-difference equation:
D−L
∑
ν
CνΦ(ν, z, c˜) = α
∑
ν
CνΦ(ν, z, c˜). (5.11)
Using equation (5.6) we can tranform it to the folllowing
equation:
∑
ν
(Cν+1 − αCν)Φ(ν, z, c˜) + C0z
1− z = 0. (5.12)
Note that here
∑
ν is a symbol for a more general measure∫
dν over the full complex plane. The equation (5.12)is
a differential-difference equation should be solved for Cν .
Note that Φ(ν, z, c˜) are considered as a set of linearly
independent functions because they are eigenfunctions
for the general operator DL. A possible ad-hoc solution
to equation (5.12) is given for C0 = 0 and the coherent
state then corresponds to it is expressed as eq. (5.13):
|α >= A0
∑
ν
αν−1Φ(ν, z, c˜). (5.13)
We stress here that the above coherent state isn’t nor-
malized, but we can make it normalized if we opt
A0 =
( i∞∑
ν=−i∞
ζ(ν) − 1
1− ν−1 α
2(ν−1)
)−1/2
(5.14)
where we have taken into account all values of ν ∈ C.
7A. Finding minimum of ν via variational method
The eigenvalue-eigenfunction operator equation given
in (5.7) provides an easy way to find minimum of ν
through a useful variational method. It is necessary to in-
troduce a suitable functional on the phase space (ln z, c˜)
in the form that the resulting Euler-Lagrange equation
gives us the linear second order partial differential equa-
tion proposed in The eigenvalue-eigenfunction operator
introduced given in (5.7). A possible functional to mini-
mize for a trial function ψ is given as follows
ℜν0 = −ℜMinimize
[∫
∂✷
ψ¯(z, c˜)D−LD
+
Lψ(z, c˜)dzdc˜∫
∂✷
|ψ(z, c˜)|2dzdc˜
]
(5.15)
It defines a single-valued analytic functional to the region
∂✷ and the trial function ψ should satisfy the essential
boundary condition:
ψ(z, 0) =
{
0 if z → 0
1 if z → 1 (5.16)
A possible trial function could be ψ(z, c˜) = (1 + c˜)z. We
evaluate (5.15) we obtain ℜν0 = −1.
VI. SUMMARY
The special functions of mathematical physics play es-
sential roles in building new physics and developing new
mathematical tools in modern physics. The Hurwitz-
Lerch-Phi function proposed as an attempt to generalize
the Riemann zeta function to the complex plane as well as
break its non simplicity to write it as a solution for a lin-
ear partial differential equation; the last was Riemann’s
attempt to zeta function. The Riemann zeta functions
appeared as key functions in the study of the statistical
mechanics of on a non interacting Boson dilute gas in the
grand canonical ensemble. So far to my knowledge there
isn’t any other physical system with Hurwitz-Lerch-Phi
functions as their key functions. I demonatrated here
that statistical mechanics for an expoential density of
states functions leads to Hurwitz-Lerch-Phi function. if
we set the Lerch parameter to zero , it was shown that
the statistical expressions for number density (specific
volume) and pressure can be represented as the real part
of the Hurwitz-Lerch-Phi function. A remarkable obser-
vation was that the bosonic system doesn’t exist for mo-
mentum below a specific momentum p∗, where below this
value the energy spectrum becomes complex and it will
break the reality of our system. This statement is proved
in detail by considering the left branch of the energy spec-
trum function. Furthermore I showed that there is a real
valued density of states function with a supremum value
over the whole energy range. I proposed a softer the-
orem in support of the idea that the roots of the real
part of the zeta function in the half-plane of the complex
argument can be obtained in general closed form by in-
vestigating classical limits of condensation phenomena. I
mention here that such classical limits can be understood
by two ways: one is by passing to ~→ 0, and secondly by
considering a very hot bath in the condensed phase. A
field theoretic point of view was introduced to interpret
the Lerch functions as normalized stste for an irregular
type of number operator in Fock space. I demonstrated
that the number of particles in a given state can be a
positive number on the half-complex plane of the zeta
function parameter ν. This provides a systematic basis
to study multiparticle states for such BEC system from
a field theory point of view. In a forthcoming paper I
will study more field theoretical aspects of this system.
The aim will be to prove the Riemann hypothesis in in a
weaker form that proposed in this paper.
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